We investigate a bounce inflation model with a graceful exit into the Friedmann-Robertson-Walker (FRW) decelerated Universe within f (T ) gravity framework, where T is the torsion scalar in the teleparallelism. We study the cosmic thermal evolution, the model predicts a supercold Universe during the precontraction phase, which is consistent with the requirements of the slow-roll models, while it performs a reheating period by the end of the contraction with a maximum temperature just below the grand unified theory (GUT) temperature. However, it matches the radiation temperature of the hot big bang at later stages. The equation-of-state due to the effective gravitational sector suggests that our Universe is self-accelerated by teleparallel gravity. We assume the matter component to be a canonical scalar field. We obtain the scalar field potential that is induced by the f (T ) theory. The power spectrum of the model is nearly scale invariant. In addition, we show that the model unifies inflaton and quintessence fields in a single model. Also, we revisited the primordial fluctuations in f (T ) bounce cosmology, to study the fluctuations that are produced at the precontraction phase. 98.80.Qc, 04.20.Cv, 98.80.Cq. 
I. INTRODUCTION
The standard model of cosmology (big bang) has succeeded to trace the cosmic thermal evolution in an elegant way by comparing the particles interactions rate with the expansion rate. At very hot stages, the rate of interactions is much larger than the expansion rate and the local thermal equilibrium could be achieved, while at later stages, when the Universe cools down, the interaction rate decreases faster than the expansion allowing the particles to decouple from the thermal path at the equality of the rates. However, the big bang suffers many problems, e.g., causal connected, flatness, horizon, etc. This requires a superfast accelerated expansion phase at some early time, i.e., cosmic inflation [1] [2] [3] [4] [5] , that is usually represented by an exponential expansion at ∼ 10 −35 s after the big bang. As a result, the Universe becomes isotropic, homogeneous and approximately flat. Standard inflation models assume the existence of a self-coupled scalar field (inflaton) minimally coupled to gravity, whose potential governs the inflation model. During this stage, when the initial quantum fluctuations cross the horizon and transform into classical fluctuations producing a nearly scale-invariant scalar perturbations spectrum. Although inflation solves the above mentioned problems, one of the fundamental problems still exists, that is the initial singularity which arises when tracing the Universe back in time as divergences of the cosmic temperature and density. Since the initial singularity is before inflation raids, the problem can not be solved within inflation framework. Another serious problem is the trans-Planckian problem which also appears in inflationary cosmology where * bamba@sss.fukushima-u.ac.jp † nashed@bue.edu.eg ‡ waleed.elhanafy@bue.edu.eg § shymaa 77@sci.asu.edu.eg the cosmological scales that we observe at present time correspond to length scales smaller than the Planck length at the onset of inflation [6, 7] .
One of the suggested alternatives is by assuming that the scale factor initially shrinks down to a nonzero minimal value then bounce to an expanding phase. In this case a singular or nonsingular bounce Universe can be obtained [8, 9] . This idea has been extended to recognize nonsingular cyclic Universe models, e.g., pre-big-bang [10] , ekpyrotic model [11] . Other than the nonsingular issue, bounce cosmologies have many interesting features such as solving the horizon and flatness problems even in the initial shrinking phase; also, these models can generate scale-invariant scalar perturbations as supported by observations. However, bounce models are usually faced by two main problems [12, 13] : The first is called the anisotropy problem, that is in the contraction phase the anisotropies grow faster than the background so that the contraction ends with a complete anisotropic Universe which violates the cosmological principle and bouncing to an expanding phase will not occur. The second is called the ghost instability problem, that is the bounce cosmology violates the null energy condition (NEC), which gives rise to ghost degreesof-freedom. However, both two issues have been successfully resolved within a nonsingular bounce cosmology [14] [15] [16] .
As a matter of fact the above mentioned anisotropy problem can be deluded if the equation-of-state is larger than unity during contraction, then the background dominates the anisotropies. Indeed, a large equation-of-state constrains the potential to be negative in scalar field models. On the other hand, the ghost degrees-of-freedom is an outcome of using the GR theory, while other modified gravity theories could alter the situation (for reviews on modified gravity theories, see, for instance, [17] [18] [19] [20] [21] [22] [23] [24] [25] ). In f (T ) gravity, where T is the torsion scalar described by the Weitzenböck connection in the teleparallelism [26] [27] [28] [29] [30] , it has been shown that nonsingular bounce solutions can be constructed in a straightforward way [9, 31, 32] . Also, it has been shown that f (T ) gravity combined with holonomy corrected loop quantum cosmology supports the bounce Universe model [13, [33] [34] [35] In this sense, we organize the work as follows. In Sec. II, we review the general relativistic cosmology showing its limited wilingness in cosmological applications. In Sec. III, we discuss a possible choice of a scale factor capable to perform a reliable cosmological model. We show that two possible scenarios could be obtained according to the values of the model parameter: a graceful exit inflation or a bounce graceful exit inflation. Also, we use the nice feature of f (T ) cosmology to represent the modified Friedmann equation as a onedimensional autonomous differential equation. This enables us to construct the corresponding (Ḣ − H) phase space, where the dynamical evolution of the model can be shown clearly. In Sec. IV, we construct an f (T ) theory corresponding to the bounce inflation model. Also, we evaluate the equationof-state of the torsion gravity showing its role to describe a healthy bounce Universe. In Sec. V, we discuss the thermal evolution of the Universe showing that its maximum reheating temperature is at the bounce point. We show how the slow-roll condition can arise naturally in this model as a consequence of the thermal evolution. We assume the matter to be a canonical scalar field, then we obtain the potential corresponding to the f (T ) theory. The slow-roll potential provides a nearly scale invariant spectrum consistent with observations. So the model does not suffer from a large tensor-to-scalar ratio that is usually obtained in bounce scenarios. In addition, we show that for a particular case, the model can unify inflatonquintessence fields in a single model. We also show that the NEC is not generally violated, which makes the model safe from the ghost instability problem. In Sec. VI, we extend our analysis to investigate the f (T ) theory at the perturbation level to study the primordial fluctuations during the precontraction phase. The work has been summarized in Sec. VII.
II. EINSTEIN'S COSMOLOGY
The Copernican (or cosmological) principle is believed to be a good approximation to construct a reliable cosmological model. Standard cosmology today is a manifestation of the Copernican principle and Einstein's field equations,
when they have been applied to the whole Universe. Where G µν is the Einstein tensor, κ 2 = 8πG/c 4 , G is the Newtonian's gravitational constant and c is the speed of light in vacuum. We assume the natural unit system c = = k B = 1, and the stress-energy tensor T µν is taken as for a perfect fluid
where u µ = δ 0 µ is the 4 velocity of the fluid in comoving coordinates, and ρ and p are the density and pressure of the fluid, respectively. We also assume the Universe is FRW spatially flat, that gives rise to the metric
where a(t) is the scale factor. Applying the Einstein's field equations to the FRW Universe leads to Friedmann's equations
where H ≡ȧ/a is the Hubble parameter and the dot denotes the derivative with respect to time. Constraining Friedmann's equations by the linear equation-of-state p = ωρ, then solve for the scale factor [36] 
where a k , H 0 and t i are constants. The former is the usual power-law scale factor, for ω > −1/3 the Universe is expanding with deceleration, while it is accelerated when ω < −1/3. The later gives a de Sitter universe, where ω = −1, which does not allow the Universe to evolve, that could be considered in late phases rather inflation. We next discuss necessary consequences of using the above power-law scale factor. Since, the classical laws of physics breakdown beyond Planck time, we usually assume our description is valid at an initial time at Planck's time t = t p ∼ 10 −44 s, where the temperature Θ p ∼ 10 32 K is the Planck temperature, and the length ℓ p ∼ 10 −33 cm is Planck length. At a present time t 0 , the rough estimation of the horizon scale is ct 0 ∼ 10 28 cm. So the ratio of the present value of the scale factor a 0 to its initial one at Planck's time a i is given as a 0 /a i = Θ p /Θ k ∼ 10 32 . However, the initial size of the present Universe is L i ∼ ct 0 a i a 0 . If we assume that nothing is faster than speed of light, the casual region size is L c ∼ ct p . Thus, at Planck's limit the ratio of the expected initial to the casual region size of the Universe is L i /L c ∼ 10 28 . Here the need to an early accelerated expansion episode, inflation, becomes clear. As a matter of fact this inflation requires the Universe to grow up by a factor > 10 28 ∼ 64 efolds to be causally connected at a time ∼ 10 −35 s from the big bang. But the power-law scale factor (5) for ω > −1/3 giveṡ a ∼ a/t such that L i /L c ∼ȧ i /ȧ 0 ≫ 1, which is consistent with the standard idea of gravity as an attractive force. However, the causal connected Universe condition implies that L i /L c ∼ȧ i /ȧ 0 < 1 at some early time. In this sense, gravity should act as a repulsive force during inflation. In addition, we need this early accelerated expansion phase to end at ∼ 10 −32 s with a smooth transition to the standard FRW model in order to gain the benefits of the big bang nucleosynthesis successes.
In GR theory, the cosmic evolution is constrained by the scale factor only so that any modification needed must be through the choice of the equation-of-state. As a matter of fact, in GR theory, any choice of the scale factor different from equation (5) GR theory, e.g., the teleparallel gravity, we may see gravity in a different way [37] [38] [39] [40] [41] [42] [43] . However, in cosmological applications the teleparallel equivalent to general relativity (TEGR) suffers the same problem. One of the interesting modifications in gravity is f (T )-theories, this extended version of the teleparallel gravity has received a wide echo in the literature in cosmology [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] and in astrophysics as well [55] [56] [57] [58] [59] [60] [61] .
III. A MODIFIED SCALE FACTOR
Fortunately, the f (T ) gravity shows more flexibility with the FRW model, it allows two unknowns a(t) and f (T ) in the field equations so that we have two possible ways to well identify the universe: either by introducing a specific f (T ) in addition to the equation-of-state then solving for a(t); or by introducing a scale factor in addition to an equation-of-state then solving for f (T ). In these two cases, the Universe is conservative, and the gravitational sector is expected to play an important role in the cosmic dynamics. We take the second path to obtain a possible f (T ) theory describing how does teleparallel gravity can perform an early acceleration episode with a smooth transition to the usual decelerated FRW epoch, with no need to the slow-roll approximation.
We summarize a useful tool to qualitatively describe the dynamical behavior of a flat FRW model by constructing its (Ḣ-H) phase space diagram [62] . This method uses the pressure properties such as asymptotic behavior and fixed points to analyze cosmological solutions. We first identify the zero acceleration curve by the deceleration parameter q ≡ − aä a 2 = 0, i.e.,Ḣ = −H 2 , which divides the phase space into two regions. The inner region characterizes the usual decelerated FRW models, this is shown by the shaded region in Fig. 1 . However, the unshaded region represents the accelerated phases. We classify different phases in Fig. 1 as follows: (I) region represents an accelerated contracting Universe as q < 0 and H < 0, (II) region represents a decelerated contacting Universe as q > 0 and H < 0, (III) region represents a decelerated expanding Universe as q > 0 and H > 0 which characterizes the usual FRW models, and (IV) region represents an accelerated expanding Universe as q < 0 and H > 0 which characterizes the so-called inflation or dark energy phases according to the dynamical evolution of the model. It is worth to mention that one can engineer a Universe using a particular scale factor to fulfill the observational requirements.
A. A possible choice
As a result of the above discussion, we showed that how the GR theory limits the choices to perform acceleratedto-decelerated expansion transition, unless we change the equation-of-state by hand from ω < −1/3 to ω > −1/3, respectively. However, the f (T ) gravity can perform this task with no need to change the equation-of-state manually. This can be done by plugging a suitable scale factor into the f (T ) equations of motion. As a matter of fact, we need the scale factor to construct an (Ḣ − H) phase space able to cross the zero acceleration curve from the (IV) region into (III) region. For this reason, let us reintroduce the power-law scale factor to the game with a correction term
where α is a parameter with units of time; the usual FRW model is recovered by setting α = 0. Also, one finds that the radiation and matter dominant epochs are achievable at a late time when t − t i ≫ |α|. In order to make our terminology clear as far as we can, it is worth mentioning that we take the equation-of-state parameter of ultrarelativistic (e.g., radiation) matter ω = 1/3 as t p < t < t eq , where t eq denotes the time of the matter-radiation equality [i.e., ρ r (t eq ) = ρ d (t eq )] where the subscripts r and d denote , respectively, the radiation and dust phases. At time t > t eq , the equation-of-state parameter will be taken as ω = 0 of cold matter (e.g., dust). It is convenient now to fix the values of the constants t i and a k in (6) in addition to the parameter α. So we take the three conditions: a(t = 0) = 0 at the initial singularity with the equation-of-state parameter ω = 1/3, the accelerationä(t end ) = 0, where t end = 10 −32 s denotes the time at the end of inflation, and a(t 0 ) = 1 with an equation-of-state parameter ω = 0 at the present time t 0 ∼ 10 17 s. Using (6) with the just mentioned conditions, we fix t i = 0, a k = 4.6 × 10 −12 , while the parameter α may have the values 1.61 × 10 −32 s, or −2.76 × 10 −33 s. In a nonphantom regime, and when t > 0, we discuss qualitatively two possible cases:
(i) For α > 0. As t → 0, the scale factor is initially a i → 0, then we expect ρ i (t) = ∞; that is the initial big bang singularity. At t ≪ α, we have a FRW ≫ a corr , while at t ≈ α, we have a FRW < a corr ; also at t ≫ α, we get a FRW ≫ a corr ∼ 1. This case gives rise to a typical graceful inflation model, see Fig. 2 (a).
(ii) For α < 0. As t → 0 + , the scale factor is initially a i → ∞. At t ≪ |α|, we have a FRW ≪ a corr , while at The models: (a) For α > 0, we have an initial big bang singularity followed by an inflation period capable to evolve to FRW phase; (b) For α < 0, we have a bouncing behavior which avoids the trans-Planckian problems of inflationary models; (c) For α < 0, the velocity curve shows clearly a bouncing behavior. However, after the bouncing time t B ∼ 4.14 × 10 −33 s, the model can also perform an early accelerated expansion period with a smooth transition (graceful exit) into a FRW model. t ∼ |α| we have a FRW < a corr , also at t ≫ |α| we get a FRW ≫ a corr ∼ 1. This case gives rise to a bouncing universe, see Fig. 2(b) .
In both cases, we find that a corr → 1 asymptotically, which matches perfectly the FRW phase at the late time, see Fig. 2 . However, we are interested to study case (ii) in the above. So we take the negative parameter model, the bouncing behavior could avoid the big bang singularity so that regular problems of inflationary cosmology, e.g., trans-Planckian problems, would not have been addressed here. Interestingly, the (ii) model can perform an early accelerating expansion phase with a smooth transition to a FRW decelerated expansion later. We determine the bouncing time t B at which the velocityȧ = 0, whereȧ < 0 (contraction phase) at t < t B , whileȧ > 0 (expansion phase) at t > t B . This determines the bouncing time t B = − 3α 2 ≈ 4.14 × 10 −33 s. The plot in Fig. 2(c) , regardless of the initial contraction phase (t ≤ t B ), shows that the velocityȧ experiences an increasing phase between the bounce pointȧ = 0 and the inflation endä = 0 (i.e., a =maximum) as t ∈ (t B , t end ), then the velocity curve matches the power-law scale factor (FRW) decreasing phase. This indicates that the (ii) model shares same features required for a successful graceful exit inflation model after the bouncing at t > t end .
B. (Ḣ − H) phase space analysis
In the following, we construct the (Ḣ − H) phase space corresponds to the modified scale factor (6), then we track its phase portrait to extract information about the model at hand in a clear and transparent way.
a. Autonomous system. For the scale factor (6), we obtain the useful relatioṅ
which represents one-dimensional autonomous system. Here, H(H) is a double valued function as it should be in bounce cosmology. Such a double valued function often appears when there is a first-order phase transition [63] . We take the plus sign to represent theḢ > 0 branch, while the minus sign represents theḢ < 0 branch. b. Bounce cosmology. In Fig. 3 we draw the phase space diagram corresponding to (7) , where the bounce point is clearly shown on Fig. 3(a) at the point (H B = 0,Ḣ > 0). Before this point, the contraction phase can be shown as H < 0 andḢ > 0, while after this point the expansion phase is determined as H > 0 andḢ > 0. The contraction period can be evaluated as
which is in agreement with the previous calculations. c. Phantom crossing. We first determine that the fixed points (i.e., dH/dt = 0) are at the minimal Hubble H min = H 1 = 0 (i.e., Minkowski space) and at the maximal Hubble
7 GeV, which represents an inflationary Universe with ω e f f = −1 (i.e., de Sitter space). So the period after bounce to reach de Sitter H inf can be evaluated as
This makes the Universe to stay in theḢ > 0 branch a period of −3α ≈ 8.28 × 10 −33 s. Since the point H 2 is a fixed point, the above result seems to be unconventional. We expect that the time to reach any fixed point is an infinite, this is true when the trajectories are forced to increase or decrease monotonically. However, in our case the double valued function could alter the picture. We next investigate the possibility to cross fromḢ > 0 branch toḢ < 0 through the de Sitter fixed point H 2 . The former branch goes effectively as a phantomlike (ω e f f < −1), while the latter is a nonphantom (ω e f f > −1). The conditions for this transition to occur are listed as follows [62] :
The first condition is to ensure that the crossing point be at the fixed point H inf . The second condition indicates that the pressure satisfying d p(H)/dH has an infinite discontinuity at H inf so that the Universe reaches ω e f f = −1 in a finite time, but in the general relativistic framework, the solution is not causal. The time to reach the crossing can be determined from the third condition. In addition to these conditions, it has been shown that the crossing is possible only whenḢ(H) is a double valued function [17, 62] . Since the above mentioned conditions are fulfilled in this model, then the de Sitter fixed point is accessible and the transition to the standard inflationary era is valid.
d. Inflationary Universe. In the following discussion one should deal with theḢ − branch. The phase portrait of (7) in Fig. 3(b) shows clearly a short inflationary period after the de Sitter stage to the intersection with the zero acceleration curveḢ − = −H 2 , which is required to go from (IV) to-(III) regions as indicated by Fig. 1 . So we determine possible transitions from acceleration-to-deceleration by identifying the intersections with the zero acceleration curveḢ − = −H 2 . So we obtain these transitions at
This shows that possible transitions are, only, when the matter fluid is a phantom ω < −1 or when ω ≥ −1/3. We are interested in the more physical case ω > −1/3. Now if we restrict ourselves to the radiation case by taking ω = 1/3, it predicts the transition from acceleration-to-deceleration at H exit ∼ 2.01 × 10 7 GeV just below the H inf at the de Sitter Universe. Furthermore, we determine the inflation period by evaluating the following integral
This makes the Universe to stay in the accelerating expansion phase ∼ 5.85 × 10 −33 s. e. Graceful exit inflation. Moreover, the model is capable to end the inflationary phase gracefully to a decelerated expansion phase, which characterizes the standard FRW cosmology at t ∼ 10 −32 s. This can be shown easily by summing up (8) , (9) and (11).
f. Standard decelerated FRW cosmology. As discussed before, when the cosmic time t > |α|, the model approaches the standard decelerated FRW cosmology. This is shown clearly on Fig. 3(b) when the phase portrait model goes from region (IV) to (III). Also, it shows that the model matches the radiation phase portrait of the standard cosmology at late time. This is an important feature to match the thermal history of the Universe. This point will be revisited in detail in Sec. V. Finally, we show that the model has no future singularity, since the time required to approach the next fixed point, i.e., Minkowski space, at (H = 0,Ḣ = 0) is infinite as
g. Conclusion. In this sense, we find the scale factor (6) with these constraints is not only a good candidate to describe a reliable graceful exit inflation model but also its bouncing behavior avoids the trans-Planckian problems of the standard inflationary models. However, using this version of scale factors can not work properly with the linear equation-of-state, if one insists to use the standard GR. This is because of the breaking of the continuity equation. On the contrary, we can keep using the linear equation-of-state along with the scale factor (6), if we switch to modified gravity theories.
One of the modified gravity theories which has been used widely in cosmology is the f (T ) theory. Although, this can be applied generally in modified gravity, the modified Friedmann equations of any f (T ) theory can be viewed as a onedimensional autonomous system [64] , i.e.,Ḣ = F (H). This feature is not available for other modified gravity theories, e.g., f (R), which contain higher derivatives of H. In this sense, we find that the phase space analysis is more consistent with f (T ) cosmology. However, similar models have been investigated, without using the phase space, in Gauss-Bonnet modified gravity [8, 65] .
IV. THE MODEL A. Teleparallel space
In this section, we give a brief account of the absolute parallelism (AP) space. This space is denoted in the literature by many names teleparallel, distant parallelism, Weitzenböck, absolute parallelism, vielbein, parallelizable space. An APspace is a pair (M, h a ), where M is an n-dimensional smooth manifold and h a (a = 1, · · · , n) are n independent vector fields defined globally on M. The vector fields h a are called the parallelization vector fields. Recent versions of vielbein space with a Finslerian flavor may have an important impact on physical applications [66] [67] [68] [69] .
Let h a µ (µ = 1, ..., n) be the coordinate components of the a th vector field h a , where Greek and Latin indices are constrained by the Einstein summation convention. The covariant components h aµ of h a are given via the relations
where δ is the Kronecker tensor. Because of the independence of h a , the determinant h ≡ det(h a µ ) is nonzero. However, the vielbein space is equipped with many connections [70] [71] [72] [73] ; on a teleparallel space (M, h a ), there exists a unique linear connection, namely the Weitzenböck connection, with respect to which the parallelization vector fields h a are parallel. This connection is given by
and is characterized by the property that
where the operator ∇ (Γ) ν is the covariant derivative with respect to the Weitzenböck connection. The connection (14) is referred to as the canonical connection. The relation (15) is known in the literature as the AP condition.
The noncommutation of an arbitrary vector fields V a is given by
where R α ǫµν and T ǫ νµ are the curvature and the torsion tensors of the canonical connection, respectively. The AP condition (15) together with the above noncommutation formula force the curvature tensor R α µνσ of the canonical connection Γ α µν to vanish identically. Moreover, the parallelization vector fields define a metric tensor on M by
with the inverse metric
The Levi-Civita connection associated with g µν is
In view of (15), the canonical connection Γ α µν (14) is metric:
The torsion tensor of the canonical connection (14) is defined as
The contortion tensor K α µν is defined by
where the covariant derivative ∇ (Γ) σ is with respect to the LeviCivita connection. SinceΓ α µν is symmetric, it follows that [using (20) ] one can also show the following useful relations:
where
νσ . It is to be noted that T µνσ is skew symmetric in the last pair of indices whereas K µνσ is skew symmetric in the first pair of indices. Moreover, it follows from (21) and (22) that the torsion tensor vanishes if and only if the contortion tensor vanishes. In the teleparallel space there are three Weitzenböck invariants:
We next define the invariant T = AI 1 + BI 2 + CI 3 , where A, B and C are arbitrary constants [74] . For the values: A = 1/4, B = 1/2 and C = −1 the invariant T is just the Ricci scalar up to a total derivative term; then a teleparallel version of gravity equivalent to GR can be achieved. The teleparallel torsion scalar is given in the compact form
where the superpotential tensor
is skew symmetric in the last pair of indices. Also, there are different extensions of TEGR, e.g., Born-Infeld extension of the TEGR [75, 76] , another interesting variant is the modified teleparallel equivalent of Gauss-Bonnet gravity and its applications [77] [78] [79] . Another extension is the f (T ) gravity, it has been inspired by the f (R)-gravity when the Ricci scalar is replaced by an arbitrary function f (R) in the Einstein-Hilbert action. But the former is by replacing the teleparallel torsion scalar by an arbitrary function f (T ) [80] [81] [82] [83] . We consider the action of the f (T ) gravity
where L m is the Lagrangian of the matter and |h| = √ −g = det h µ a . The variation of the action (25) with respect to the tetrad gives
∂T 2 such that the TEGR theory is recovered by setting f (T ) = T . Also, the stressenergy tensor is assumed to be for perfect fluid as given by (2) . The applications of the f (T ) gravity in cosmology show interesting results, for example, avoiding the big bang singularity by presenting a bouncing solution [31, 32] . Also, f (T ) cosmology provides an alternative tool to study inflationary models [44, 75, 80, [84] [85] [86] [87] [88] [89] [90] [91] [92] [93] . Although f (T )-theories lack invariance under a local Lorentz transformation [94] [95] [96] (for the related considerations, see [97] [98] [99] [100] [101] [102] [103] ), a recent modification by considering nontrivial spin connections may solve the problem [104] . For more details of f (T ) gravity, see the recent review [105] .
B. Constructing an f (T ) theory
As presumed that the Copernican principle is valid, we take the flat FRW metric (3), which may give rise to the vierbein
For the vierbein (27) and by using (6), the teleparallel torsion scalar (23) gives rise to the useful relation
As we mentioned earlier, in the f (T ) framework, one needs to enter a particular scale factor or viable f (T ) in addition to a specific equation-of-state. In this model, we are interested to construct an f (T ) theory corresponding to the modified scale factor (6) , where the equation-of-state is chosen to be linear p = ωρ. We apply the f (T ) field equations (26) to the vierbein (27) , then the modified Friedmann equations read
It is convenient to write the f (T ) in terms of time t. One easily can show that
Substitute (28) and (31) into (29) and (30), then matter density
and the matter pressure
The continuity equation can be integrated to
where the integration constant
the density parameter Ω, and the dimensionless hubble constant h are given by the observations. Combining (34) with (32), then solving for f (t), we get
where the constant
Using the inverse relation of (28), one can rewrite the above result as f (T ) as usual. Thus the corresponding f (T ) theory which generates the scale factor (6) is given by
. Here, f (T ) + corresponds to the branchḢ > 0, and f (T ) − corresponds to the branchḢ < 0. One can show that the first term ∼ √ T in (36) has no contribution in the field equations, so we omit this term in the following without affecting the generality of the model. It is convenient to evaluate the evolution of the density and pressure of the matter, this can be achieved by substituting from (35) into (32) and (33); the density and pressure can be written as
It is obvious that as t ≫ |α| the density and pressure of the standard FRW model is recovered.
C. Effective equation of state
It is convenient to transform from the matter frame we have been using to Einstein frame, which gives the Einstein's field equations form and additional degrees-of-freedom by f (T ) gravity. So we write the modified Friedmann equations in the case of f (T ) gravity, i.e.,
where the standard matter energy density ρ and pressure p have their torsion scalar counterpart ρ T and p T ,
are the torsion contributions to the energy density and pressure, respectively, which satisfy the continuitẏ
One can show that ρ T and p T vanish where f (T ) = T and the standard Friedmann equations are recovered. We argue here that the quantities ρ T and p T can explain the early selfacceleration of the Universe. Then, by using Eqs. (40) and (41), we can define the effective torsion equation-of-state parameter as
Where the last equation has been evaluated by using (28), (35) , it can be shown that ω T = ω at t ≫ |α|. We plot the evolution of the equation-of-state parameter of the teleparallel torsion fluid as seen in Fig. 4 . Equation (43) is ill defined at
where Σ = interval (t + , t − ) ≈ (3.54 × 10 −33 s, 5.85 × 10 −33 s). So it initially begins as a cosmological constant ω T → −1, then it goes to −∞ as t → t + , while ω T ≫ 1, where t + < t < t − ; this includes the bounce time t B , which shows that the torsion equation of state is greater than unity at the contraction phase as required for solving the anisotropy problem. After that, ω T is negative again, while it goes back to cross ω T = −1 to connect the observed expanding Universe [12] , then it crosses ω T = −1/3 ending the early accelerated expansion, at t ∼ t end ≈ 10 −32 s, to enter a new phase of a decelerated expansion. Finally, it approaches the radiation limit ω T = ω = 1/3 as t ≫ α as required to match the hot big bang consistently.
As we discussed above, the torsion equation-of-state evolutions fulfills the requirements of a successful bounce cosmology. In addition, it matches precisely the results of the phase space analysis in Sec. III B. This behavior supports our argument that the cosmic bounce is a manifestation of a higherorder teleparallel gravity. In other words, the vacuum f (T ) is a good candidate to describe bounce cosmology. We also define the effective (total) equation-of-state parameter
Where the last equation has been evaluated by using (37), (40) and (41), it is obvious that ω e f f = ω at t ≫ |α|. We plot the ω e f f as shown in Fig. 4 . Equation (44) shows that the Universe effectively initially is a cosmological constant with ω e f f = −1, then it evolves to ω e f f → −∞ at the bounce time t B = − 3 2 α ∼ 4.14 × 10 −33 s, while it is −1/3 at the acceleration expansion ends t end . Finally, it matches the radiation limit, i.e., ω e f f = ω = 1/3. In conclusion, we find that the torsion and the effective equation-of-state parameters agree in all stages except at the bounce time. The later goes to −∞, while the former is much greater than unity at that time.
As is well-known, the violation of the NEC is necessary to obtain a bouncing solution. In addition, violation of the strong energy condition (SEC) is necessary to obtain an accelerated expansion phase. The above results show clearly that the model effectively breaks these energy conditions at the early Universe, where ω e f f < −1. However, due to the limitation of the GR, the violation of these energy conditions in the matter component is unavoidable. Even in the effective field theory, a bounce Universe is usually achieved by introducing matter fields, which violate the NEC. On the contrary, this picture could be altered if we use the f (T ) gravity which violates the NEC effectively. We can always use this feature to produce a healthy bounce solution, where the matter component in this scenario will be consistent with the NEC. This will be discussed in detail in Sec. V D.
V. THERMALIZATION OF THE UNIVERSE

A. Reheating in bounce universe
As mentioned before, the key of the thermal history is to compare the rate of interactions Γ with the rate of expansion H. In the case of Γ ≫ H, the time scale of the particle interactions is much smaller than the expansion time scale as
Thus, a local thermal equilibrium can be reached before the effect of the expansion becomes relevant. After, as the Universe cools down, the Γ decreases faster than H so that at t c ∼ t H , the particles decouple from the thermal bath. Different particle species may have different interaction rates and so may decouple at different times. On the other hand, one of the essential ingredients of inflationary models is the reheating process of the Universe by the end of the inflation. In order to examine the capability of the model to predict a successful thermal evolution, we define the entropy S of all particles in thermal equilibrium at temperature Θ in volume V. According to the first law of thermodynamics, in the expanding universe, we have
with the integrability condition [106]
the energy density and pressure satisfy
Using (37) and (46), we evaluate the temperature
FIG. 5. The temperature evolution (47) shows a reheating after inflation, the maximum effective temperature by the end of reheating is just below the GUT temperature ∼ Θ eff = Θ rh,max ∼ 10 26 K. Then the effective temperature evolves similar to the radiation temperature Θ r of the hot big bang.
where Θ 0 ≡ Θ(t 0 ) is an arbitrary constant, with a dimension K. We choose a boundary condition such that the temperature Θ ∼ 2.73 K at the present time t 0 ∼ 10 17 s > t eq , with an equation-of-state parameter ω = 0. This determines the value Θ 0 = 2.73 K. In standard cosmology we expect an extremely high temperature as Universe goes back towards the initial singularity, i.e., Θ i → ∞ as a i → 0. However, in the present model, equation (47) indicates that the temperature initially is extremely small, i.e., Θ i → 0 K as a i → ∞, during the precontraction phase. Then the temperature increases as a decreases during contraction to its maximal value at the bounce time t B . From the temperature (47) , it can be shown that the maximum temperature by the end of the reheating, at t B = − 3α 2 ∼ 4.14 × 10 −33 s, is Θ rh,max ∼ 4.8 × 10 26 K, see Fig. 5 . Also, it is clear from (47) that the temperature evolves just as the standard cosmology at t ≫ |α|. In conclusion, the model predicts an initial low temperature, then a reheating of the Universe occurs during the contraction phase. At bounce time, the Universe reaches its maximum temperature 10 26 K, which is just below the GUT temperature Θ GUT ∼ 10 27 K. So the model is safe from reproducing unacceptable amount of monopoles after inflation. This is followed by a very short period of accelerated expansion to cool the Universe down to match exactly the standard model thermal evolution. So we gain the successes of the hot big bang scenario as well.
B. Unified inflaton-quintessence field
The above result seems unfamiliar at first impression. One may expect the temperature to start with Θ p at Planck's time, not Θ ∼ 0 K. As a matter of fact, this model predicts a more physical scenario when dealing with a scalar field component. We will discuss this point in detail in the following section. In order to investigate the scalar field induced by the theory at hand, we take the matter component to be a canonical scalar field with density ρ φ and pressure p φ to be defined as
whereφ 2 represents a kinetic term of the scalar field and V(φ) is its potential. Combining (48) , (49), (38) and (39), we write the kinetic and the potential of the scalar fielḋ
In order to be consistent with the literature, we may use
GeV. The above equations are consistent with the scalar field background (KleinGordon) equation of a homogeneous scalar field in the expanding FRW Universë
Inserting (28) and (35) into (50) and (51), we geṫ
which can be integrated exactly to
where φ 0 is a constant of integration, ξ ≡ x) is the exponential integral, and γ is Euler's constant which is approximately 0.5772 . . .. Since α < 0, the Ei function in (54) is real and consequently, the scalar field. Integrating the Klein-Gordon equation (52), we have
where V 0 is the constant of integration. One can reobtain the above solution from (51) without the V 0 term. However, the presence of V 0 can be recovered by considering a cosmological constant in the f (T ). We shall discuss this issue in more concretely later on in this section. Using the inverse relation of (55), we can eliminate t in (56) and rewrite the potential as V(φ) as usual. Substituting from (53) and (56) into (48) and (49), we evaluate the scalar field density energy and pressure Then the equation-of-state parameter ω φ = p φ /ρ φ of the scalar field is
It is important to investigate a possible crossing of an equation of state to the phantom divide line ω φ = −1 or the quintessence limits at ω φ = −1/3. Independent of the V 0 value, Eq. (59) indicates no crossing to the phantom phase, so the scalar field bounce model is always connected with the observed expanding Universe. We determine the value of V 0 by requiring that ω φ = −1/3 at time t s chosen according to cosmological constraints. Thus we have
If we assume that ω = (60) into (59) implies that the scalar field crossing to the quintessence limit has a three patterns according to the value of V 0 :
a. Case (V 0 = 0). For a vanishing value of V 0 , we get ω φ = ω. So the scalar field has a fixed equation of state. (i) for large V 0 , the Universe is trapped in an inflation phase. It begins with ω φ = −1, then it goes to higher values. In order to make the acceleration-to-deceleration transition at the end of the inflation, i.e., t s = 10 −32 s, we choose a large value V 0 ∼ 5.29 × 10 78 . This makes the equation-of-state parameter just above the quintessence limit ω φ −1/3 for a very short period t ∈ (10 −33 , 10 −32 ) s, then goes back towards ω φ → −1 or an eternal de Sitter and will never match the radiation limit.
(ii) for small V 0 , similar to the previous case, the Universe begins with ω φ = −1; however in this case, it has a chance to end its early accelerating expansion phase entering a deceleration one for a reasonable long period, with a later transition to a de Sitter Universe just as ΛCDM cosmology.
We found that for the smaller V 0 values, the later transition is towards de Sitter. In order to make the late transition at t s = 10 17 s, we choose V 0 ∼ 1.21 × 10 −19 . Besides, the early transition from acceleration to deceleration can be obtained at t ∼ 10 −35 s. Interestingly, the radiation limit in this case is allowed at t ∈ (∼ 10 −35 s, t eq ). So we find that the scalar field unifies the inflaton and the quintessence fields in a single model. The three patterns of the scalar field equation-of-state parameter are shown in the plots of Fig. 6 .
In order to comprehend the results of an induced scalar field in the frame of the phase space analysis in Sec. III B, we see that the presence of the V 0 term representing a ground state or background of a cosmological constant. In large V 0 regimes, the Universe has a high potential to remain in a de Sitter universe, while for small V 0 regimes, the Universe has being outside de Sitter for a longer period before pulling to de Sitter once again as a final fate. This can be compared to the situation when large or small values of cosmological constant are adopted in the theory. This conclusion can be easily seen on the phase space diagram, where the presence of a positive cosmological constant shifts the phase portrait vertically upwards such that the larger value of Λ, the more shifts of the phase portrait. In this model the portrait, Fig. 2(b) , generally cuts the zero acceleration curve at two points. When the cosmological constant is large, the period between these two cuttings is short just as in the large V 0 regime of the scalar field. On the other hand, when the cosmological constant is small, the phase portrait will be allowed to remain in the decelerated FRW cosmology for a longer period. However, in both cases, the Universe evolves towards a de Sitter fixed point instead of Minkowski in an infinite time, which represents a similar scenario of a ΛCDM Universe.
C. Slow-roll validity
As discussed in Sec. V A, the cosmic temperature begins with very low temperature Θ ∼ 0 K as predicted by the model. This result is compatible with the slow-roll condition V(φ) ≫ φ 2 so that the inflation epoch is dominated by the scalar field potential only. Accordingly, its equation-of-state parameter ω φ ≡ p φ /ρ φ ≈ −1, where V(φ) ≫φ 2 . The later assumption is called the slow-roll condition. In fact this condition can not be justified unless the temperature at that episode is very small. According to Eq. (47), the slow roll condition can be valid at the precontraction phase as well as at a late Universe phase when the temperature is low as shown in Fig. 5 . In order to examine the viability of the model at hand, we write the slow-roll parameters:
Using (61), we evaluate the two observable parameters: For large V 0 , the tensorto-scalar ratio r = 16ǫ V ∼ 9.7 × 10 −4 , and scalar tilt (spectral index) n s = 1 − 6ǫ V + 2η V ∼ 1.0004. Although the spectrum is nearly scale invariant, the spectral index in this case is slightly blue tilted which is disfavored by the observations. However, for a vanishing or small V 0 , we evaluate the two observables r ∼ 1.56 × 10 −2 and n s ∼ 0.997, which are in agreement with the recent observations by the Planck satellite and BICEP2 and Keck Array [107] [108] [109] [110] . In the above calculations, we assumed that ω = 1/3, for different choices of ω the corresponding values of V 0 will be different but the qualitative behavior is the same. However, for V 0 0 models and the choice ω = 1, we find that the scalar power spectrum is the scale invariant Harrison-Zel'dovich spectrum with r = 0 and n s = 1, that it is ruled out by the Planck 2015 results. We develop a novel technique to trace the matter equation of state in order to produce nearly scale invariant power spectrum at different time near the bounce to the end of inflation. This can be done by substituting from (60) into (56) , which can be rewritten as
Then the slow roll parameters (61) read
Now, we obtain the observable parameters r and n s as functions of ω and t, since all the constants appear in the above equations are known. By requiring the reasonable values of r and n s from observations, one can get an explicit relation between ω and t that produces the observed power spectrum. We give the results in the plots of Fig. (7) , which is represented in the (ω − t) plane, where the small (large) V 0 is due to the choice t s = 10 −32 s (t = 10 17 s) just as previously identified. The intersections of the curves determine which choice of the matter equation-of-state at different times verify the desired values of r and n s . As shown by Fig. 7(b) , the small V 0 model is more flexible with observations. In addition, it shows clearly that ω > 1 in the contraction phase is the natural choice allowing the contraction phase not only to dominate over the anisotropy evolution but also to produce a scale invariant power spectrum.
In conclusion, we find that the slow-roll condition is natural in this model. In addition, by applying the slow-roll approximation, we find that the scalar field induced by f (T ) of this bounce model does not suffer from the problem of a large tensor-to-scalar ratio, which usually faces bouncing models. However, it produces a nearly scale invariant spectrum of the scalar field in a good agreement with observations. Moreover, it provides a unified field representing inflaton and quintessence in a single model.
D. Energy conditions
In the previous section, we have shown that the large tensor-to-scalar ratio in bouncing models is avoidable in our model. Here, we investigate another major problem that usually faces bouncing models, that is the violation of the NEC, which gives rise to the ghost instability problem. As we have shown in Sec. IV C, the f (T ) gravity breaks the NEC effectively at the early time as required to obtain a bounce solution. However, in this section we argue that this feature can help to induce a scalar field model free from ghosts. Next, we briefly present the necessary background of the energy conditions. In the context of a geometric field theory, e.g., the GR theory, it is enough to apply the Bianchi II identity to guarantee the matter conservation. This leaves us with a huge amount of arbitrariness of the choice of the matter source. This implies to impose a particular kind of matter, e.g., dust, radiation, scalar field, electromagnetism, . . .. However, in modified gravity theories, e.g., f (T ) gravity, the dark sector of the Universe arises as an effective gravity in the field equations. Energy conditions strategy can be used to limit the arbitrariness of the T µν for a variety of different sources.
In order to describe the interaction between any two nearby bits of matter, we should remember the Raychaudhuri equation. This equation represents the fundamental lemma of the Penrose-Hawking singularity theorems. Raychaudhuri equation for a congruence of timelike (or null) geodesics, respectively, in spacetime can be written as
The lhs of Raychaudhuri equation identifies the temporal evolution of the expansion of scalar ϑ, while the rhs contains two classifications: the first promotes a collapsing configuration due to a nonzero initial expansion scalar, shearing σ µν , and the second opposes the collapsing configuration due to a nonzero vorticity ω µν . However, the contribution of the last term R µν u µ u ν , where u µ is an arbitrary timelike vector and k µ is an arbitrary null vector, is restricted by the energy conditions. There are four forms of energy conditions namely: weak energy condition (WEC), NEC, SEC and dominant energy condition (DEC).
As a result of the attraction of gravity, the focusing theorem states that dϑ dτ < 0, which implies the positivity of the trace of the tidal tensor, i.e.,
This precisely gives the SEC and the NEC, respectively. These in terms of a stress-energy tensor and its trace can be written as
As a result, the inequalities of SEC and NEC having the form
In the case of a perfect fluid, these energy conditions SEC and NEC, namely (67) , are reduced to ρ + p ≥ 0 and ρ + 3p ≥ 0, while the WEC and DEC demand the following constrains ρ ≥ 0 and ρ ± p ≥ 0. We summarize the energy conditions of the perfect fluid as Name For perfect fluid Weak The Raychaudhuri equation is a pure geometrical relation, so that using different geometries gives rise to different descriptions of the Raychaudhuri equation. Also, the idea of energy conditions can be generalized to the modified theories of gravity. All ordinary matter, even the vacuum expectation value (vev) of a scalar field obey the DEC, while during inflation this condition should be relaxed.
For the scalar matter (57) and (58), it is convenient to visualize the evolution of four ingredients (ρ φ , ρ φ ± p φ , and ρ φ + 3p φ ) which are necessary to study any of the energy conditions (68) . This is shown on the plots of Fig. 8 .
(i) The case of the large value of V 0 is shown in Fig. 8(a) ; we find that only the SEC is violated except during the very short time interval 2.1 × 10 −33 t 10 −32 s it is not verified. This result is consistent with the previous result of Sec. V C where the equation-of-state ω φ is allowed to exceed the quintessence limit −1/3 only during this short period. This has been explained before as a result of the large background potential V 0 which drags the Universe back to its de Sitter phase very shortly. Also, we can see that other energy conditions are verified for the large V 0 model.
(ii) The case of a vanishing V 0 is shown in Fig. 8(b) ; we find that all the energy conditions are verified. This is also in agreement with the previous results where ω φ > −1/3 for this model.
(iii) The case of the small value of V 0 is shown in Fig.  8(c) ; we find the the SEC is verified during the time interval 3.4 × 10 −35 < t < 10 17 s, while it is violated elsewhere. This result can be also verified by Fig. 6 , where ω φ > −1/3 during this interval. However, at very early and very late times, −1 < ω φ < −1/3, which explains these accelerated expansion phases.
We summarize these results in Table I . As is well-known, the bounce models require a temporary violation of the NEC about the bounce time. Interestingly, we find that the NEC is fulfilled for the matter field during the bounce phase which makes the model free from a ghost instability. However, the NEC violation is due to the effective torsion field not in the matter field. This nice feature of f (T ) gravity could provide a better environment to obtain a healthy bounce model. 6 , also a summary of the final results is given in Table I. The numerical values  10 79 which appear on the vertical axis represent the scale of the axis.
VI. PRIMORDIAL FLUCTUATIONS IN f (T ) COSMOLOGY
In the Sec. IV, we discussed the cosmological bounce in the f (T ) cosmology at the background level. In this section, we extend our analysis to investigate the theory at the perturbation level. In order to identify the true perturbations, which do not change under gauge coordinate transformation, is to fix the gauge freedom. We choose the longitudinal (conformal Newtonian) gauge which fixes the gauge completely and only involves two scalars metric fluctuation as
By comparison with the weak field limit of GR about Minkowski space, one can realize that the metric fluctuation Φ plays the role of the gravitational potential. Assuming that the anisotropic stress vanishes, one can obtain that Ψ = Φ. The authors of [31] have shown that the gravitational potential Φ can be completely determined by the scalar field fluctuation δφ. Therefore, there exists only a single degree of freedom in the scenario of f (T ) gravity minimally coupled to a canonical scalar field. In order to understand the evolution of scalarsector metric perturbations, we use the perturbed equation of motion for the gravitational potential Φ instead of a scalar field fluctuation δφ. Then the complete form of the equation of motion for one Fourier mode Φ k with the comoving wave number k is given by [31] 
Following the same procedure used for the scalar perturbations, we can find the two solutions of (92) at sub-Hubble and super-Hubble scales. Therefore, the tensor power spectrum can be obtained by matching the solutions at the horizon exit k = aH,
which is sum of the power spectra P h for two polarization modes of h i j .
Tensor-to-scalar ratio
One of the most important inflationary observable is the tensor-to-scalar ratio. It is completely constrained by the Planck satellite and BICEP2 and Keck Array [107] [108] [109] [110] . Therefore, it can be used to exclude unviable inflationary models. This observable is defined by
Another inflationary observable, but not accurately tied yet, is the tensor spectral index defined as
In the inflationary scenario, the Hubble parameter H is nearly constant, i.e.,Ṫ ≃ 0, then from (87), we have γ ≃ 0 as well. Consequently, Eq. (91) reduces to the standard solution z t = a, and (93) reduces to the standard expression,
which matches the tensor power spectrum in Einstein gravity. This relation must be calculated at the time of horizon crossing for which k = aH. This time is not exactly the same as the time of the sound horizon crossing for which c s k = aH, but to the lowest order in the slow-roll parameters this difference is negligible. Therefore, using Eqs. (83), (94) and (96), the tensor-to-scalar ratio is obtained as
Using (85), (95) , and (96), we can obtain the tensor spectral index as
From (97) and (98), we write the consistency relation as
We conclude that the inflation in f (T ) gravity differs from Einstein gravity by introducing the sound speed. On the other hand, the standard inflationary of Einstein's gravity is recovered when c s = 1, which is valid during the contraction phase of the bounce Universe models.
B. Conservation of the comoving curvature perturbations in the precontraction phase
It is convenient to present briefly some key features of the inflationary theory, then we discuss the alternative scenario of the bounce model at hand. In inflationary models, the Universe begins with an initial singularity just as in the standard cosmology, at the initial singularity, the hubble radius
is infinite as a(t i ) = 0. Consequently, we expect that all primordial quantum fluctuations to be subhorizon where their wavelength λ ≪ r H or equivalently, the comoving wave number is at the subhorizon scales k ≫ a(t)H(t) = 1/r H . Since the scale factor grows exponentially and the Hubble parameter is almost constant during inflation, the horizon shrinks exponentially allowing some modes to exit the horizon and become classical (freeze-out). By the end of inflation, the horizon expands allowing the freezed modes to reenter the horizon at a superhorizon scale and propagating as particles. The conservation of the comoving primordial fluctuations is an essential feature in inflationary models, as a matter of fact, it enables us to relate the observable quantities at the superhorizon (law energy) scale to the subhorizon (high energy) scale.
In the present bounce model, we discuss the alternative scenario. Using (6) and (28) , the hubble radius is given by
2 The hubble radius is usually referred to as the horizon.
FIG . 9 . Schematic diagram to show the evolution of the hubble radius (100). Immediately after bounce, it shrinks allowing the relevant physical modes to exit the horizon, then it expands allowing these physical modes to reenter the horizon at later time.
At the bounce point, we expect the hubble radius (horizon) to be infinite as H(t B ) = 0 (i.e., t = − 3 2 α). This means that all modes are sub-Hubble as λ ≪ r H . Immediately after bounce, the horizon suddenly shrinks to a minimal value, see Fig. 9 , during this stage when the initial quantum fluctuations cross the horizon, they transform into classical fluctuations. So it is worth to investigate if the comoving curvature fluctuations will be conserved at the super-Hubble or not. This feature is important to examine the validity of the bounce scenario. The Universe around the bounce point is governed by quantum gravity which is beyond our reach so far. On the other hand, the perturbation during the contraction period suffers from producing a high tensor-to-scalar ratio, which is disfavored by observations [31] . As we have shown in Section V C that the slow roll conditions are valid during the precontraction period, so we expect that the primordial fluctuations that are produced at this phase to play an essential role in the present model. It is obvious that the precontraction phase can be identified by t ≪ |α| so that the correction term in (6) is much more dominant than the FRW evolution. So the scale factor and the corresponding Hubble at this phase are approximately
We also reconstruct the f (T ) which generates the scale factor (101) as a function of the cosmic time t as
Also, it can be rewritten in terms of T as
We are interested in the precontraction phase before bounce, so we take only the f (T ) form corresponding to theḢ > 0 branch. Therefore, the speed of sound (73) reads
At the precontraction phase t ≪ t B , we have c 2 s ≃ 0. Consequently the evolution equation (74) takes the form
which can be solved to
The above relation describes the perturbations that are produced at the precontraction phase. These can cross the bounce time as the horizon is infinite at that time, then they exit the horizon and evolve as classical perturbations. Later on, they reenter the horizon to produce an almost scale invariant, Harrison-Zeldovich spectrum; this may explain its origin. So we study the evolution of the comoving curvature perturbations between horizon exiting to reentering. Since the perturbations could grow making an instability or even vanish which cannot explain the presence of our Universe in its structure, we find that this point should be investigated for the present model. In (106) , the exponential function in the last term evolves to a constant value as time increases, while 1/t 2 contribution makes the last term approaching zero. Consequently, Eq. (106) reads Φ(t) ≃ (1 + ω)C 2 (1 + ω) α t . Also, we realize that all the fluctuations due to the term α/t are decaying as time increases. In this case we have
We conclude that in this bounce scenario, the comoving curvature fluctuations at the precontraction phase are conserved after the modes exit the horizon. This is an important feature to ensure that the quantum fluctuations transform into classical fluctuations holding all of the information, which are characterizing the Universe at the sub-Hubble energy scale. Finally, we note that the slow roll conditions are valid at the precontraction phase so the calculations of Sec. V C are valid in this early stage. Therefore, the power spectrum at this stage matches the observations.
VII. SUMMARY
In this work, we have shown how the GR applications in cosmology are very limited. However, in f (T ) theories, we have more flexibility to start with a designed scale factor holding the well behaved linear equation of state of the matter content p = ωρ without breaking the conservation principle. We have modified the usual FRW scale factor as in (6) , by introducing a new parameter α with units of time. The scale factor shows a good agreement with inflation-to-deceleration transition. The new parameter has been shown to control the time of transition, so the α parameter can have values α = 1.61 × 10 −32 s or −2.76 × 10 −33 s. The positive value gives a graceful exit inflation model, while the negative value gives a bounce model.
We have studied the negative parameter model, i.e., α = −2.76 × 10 −33 s, extensively. The model shows interesting features, it performs a bouncing behavior from contraction to expansion at bouncing time t B = − 3α 2 ∼ 4.14 × 10 −33 s with a minimal scale factor a B 0 so that the trans-Plankian problems of inflation models can be smoothed away. On the other hand, it performs an early inflation phase with a graceful exit into FRW decelerated. We have also used the useful (Ḣ − H) phase space analysis to examine the capability of the model to practice the above mentioned behavior. Unlike the usual behavior in standard cosmology the model can cross the phantom divide line (de Sitter universe) safely in a finite time; then it interpolates smoothly between de Sitter and Minkowski spaces in an infinite time, i.e., the Universe is free from a future singularity.
We have constructed an f (T ) theory corresponding to the modified scale factor. Consequently, we determined the density and pressure of the matter as a function of time. In addition, we have evaluated the temperature as a function of time; the model predicts that the temperature evolves as Θ ∝ a −3ω . So we expect a very low initial temperature Θ ∼ 0 K as expected by the bouncing behavior where a → ∞ at t ≪ t B . So we have argued that this result, however, seems unfamiliar, it is indeed providing a natural environment for the slow-roll inflation condition (i.e., V(φ) ≫φ 2 ). On the other hand, the temperature evolves to its maximum at the GUT energy scale Θ ∼ 10 27 K by the end of inflation providing a graceful exit at t end ∼ 10 −32 s into a FRW decelerated phase as required to initiate the standard hot big bang thermal scenario.
We also have reexpressed the Friedmann equations in the Einstein's frame to identify the torsion gravity as a degree of freedom. The torsion equation of state suggests that the gravitational sector may provide a good candidate to describe the bounce behavior at an early time. Whereas the torsion equation of state begins with ω T = −1, then it goes in the phantom regime as ω ≪ −1. After that it evolves to ω T ≫ 1 before the bounce time, this is required in contraction for solving the anisotropy problem. By crossing the bounce point, ω T is in phantom energy phase again, while it goes back to cross ω T = −1 smoothly to connect the observed expanding Universe. Then it crosses ω T = −1/3 ending the early accelerated expansion, at t ∼ t end ≈ 10 −32 s, to enter a new phase of a decelerated expansion. Finally, it approaches the radiation limit ω T = 1/3 as t ≫ α as required to match the hot big bang consistently.
We have considered the case when the matter component is a canonical scalar field φ. For a particular choice of the background potential V 0 , the small V 0 regime, the equation-of-state ω φ of the induced scalar field begins with a pure vacuum energy ω φ = −1 of a de Sitter universe, then crosses ω φ = −1/3 at t ∼ 10 −35 s to match the radiation limit. However, it crosses ω = −1/3 once more at a late time t ∼ 10 17 s entering a late accelerated expansion with a de Sitter fate just as ΛCDM cosmology. In this sense, the model provides a unified field representing inflaton and quintessence in a single model. In the slow-roll regime, we find that the scalar field induced by the f (T ) of this bounce model does not suffer from the problem of a large tensor-to-scalar ratio which usually faces bouncing models. In addition, we have shown the NEC is not violated so that it is free from ghost instabilities. We have developed a technique to trace the ordinary matter components that are consistent with the observed scale invariant power spectrum.
Finally, we have extended the investigation of the model to the perturbation level to study scalar and tensor primordial fluctuations at the early Universe when the Newtonian gauge is assumed. We have shown that the slow roll conditions are fulfilled at the precontraction phase. In addition, the comoving curvature fluctuations are conserved at the super-Hubble energy scale which allows the fluctuations to match the observable Universe.
